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Abstract

Morphable face models constitute a unifying framework for the analysis and synthesis of images.
In the field of Computer Graphics, they are applied to synthesize photo-realistic animation of face
images; in the domain of Computer Vision, they are used in face recognition applications compen-
sating variations across pose, illumination and facial expressions. Morphable face models draw
on prior knowledge of human faces in the form of a general face model, learned from examples of
other faces. Whether these examples are two-dimensional images or three-dimensional face rep-
resentations, the Morphable Model derived thereon share a common structure. By exploiting the
correspondences between all face examples, these models introduce a vector space structure on
the examples that allows to synthesize novel photo-realistic images of faces. Face analysis can be
performed by fitting such a flexible model to novel images. Then, the model parameters yielding the
optimal reconstruction are used to code or analyze the face depicted.

In this chapter, we start with a motivation of the analysis by synthesis approach and a discussion
on the advantages of three-dimensional versus image based image models for image analysis. Then,
we will explain in detail the structure of the three-dimensional Morphable Face Model we used in
our experiments. The formal description of the model is followed by a detailed comparison of
various model fitting algorithms published recently. At the end we present face recognition results
obtained on different data bases.
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Figure 1: After a pose and illumination normalization using the 3D Morphable Model, identifica-
tion is performed. Identification can be performed by a comparison of either model parameters or
normalized images.



0.1 Introduction
The requirement of pattern synthesis for pattern analysis has often been proposed within a Bayesian

framework [22, 31] or has been formulated as an alignment technique [44]. This is in contrast to
pure bottom-up techniques which have been advocated especially in the early stages of visual sig-
nal processing [28]. Here, a standard strategy is to reduce a signal to a lower dimensional feature
vector and to compare this vector with those expected for signals in various categories. A crucial
problem of these algorithms is that they cannot explicitly describe variations between or within the
categories and therefore have difficulty separating unexpected noise from the variations within a
particular category.

In contrast, Morphable Models, described in this paper, work by actively reconstructing the signal
analyzed [5, 7, 39]. In an additional top-down path an estimated signal is generated and compared
to the present input signal. Then by comparing the real signal with its reconstruction it is decided
if the analysis is sufficient to explain the signal or not. Clearly, the crucial component in such an
approach is the ability of the image model function to reconstruct the input signal.

For object classes, such as faces or cars, where all objects are similar, a model function can be
learned from examples. That is, the general image model for the whole class of human faces is
derived by exploiting some prototypical face examples.

Models developed for the analysis and synthesis of images of a specific class of objects must
solve two problems simultaneously:

• The image model must be able to synthesize all images that cover the whole range of possible
images of the class.

• It must be possible to fit the image model to a novel image. Formally, this leads to an op-
timization problem with all of the associated requirements that a global minimum can be
found.

Solving the full problem.
The automated analysis of images of the human face has many aspects and the literature on the topic
is enormous. Many of the proposed methods are driven by specific technical applications such as
person identification or verification, usually under the aspect of real time performance. Especially
the later constraint often requires a reduction of the generality such as the requirement of cooperative
subjects, or a fixed perspective or a restriction on the number of subjects.

In contrast, the method proposed here tries to develop a unifying approach for all the different
aspects of face image analysis, not trading generality or accuracy against speed. Simply, the system
should have no requirement on the image to be analyzed. Before giving the details of our morphable
face model approach we would like to describe three formals aspects for the comparison or the de-
sign of an automated face analysis system. These are the most relevant aspects for an understanding
of the problem.

1. What are all the parameters of variation in face images, which a method can explicitly cope
with.

2. What is the formal image model to represent and separate all these different parameters.

3. What is the fitting strategy for comparing a given image with the image model.



0.2 Parameters of variation in images of human faces
Human faces differ in shape and texture and, additionally, each individual face by itself can

generate a variety of different images. This huge diversity in the appearance of face images makes
the analysis difficult. Besides the general differences between individual faces, the appearance
variations in images of a single face can be separated into the following four sources.

• Pose changes can result in dramatic changes in images showing different views of a face. Due
to occlusions different parts become visible or non visible and, additionally, the parts seen in
two views change their spatial configuration relative to each other.

• Lighting changes influence the appearance of a face even if the pose of the face is fixed. Posi-
tions and distribution of light sources around a face have the effect of changing the brightness
distribution in the images, the locations of attached shadows and specular reflections. Addi-
tionally, cast shadows can generate prominent contours in facial images.

• Facial expressions, an important tool in human communication, constitute another source of
variation of facial images. Only a few facial landmarks which are directly coupled with the
bony structure of the skull like the interoccular distance or the general position of the ears are
constant in a face. Most other features can change their spatial configuration or position due
to the articulation of the jaw or to muscle action like moving eyebrows, lips or cheeks.

• Over a longer period of time, a face changes due to aging, to a changing hairstyle or according
to makeup or accessories.

Without any requirement on the image to be analyzed, none of the parameters mentioned above
can be assumed constant over a set of face images. The isolation and explicit description of all
these different sources of variation must be the ultimate goal of a facial image analysis system. For
example, it is desirable not to confuse the identification of a face with expression changes, or, vice
versa, the recognition of the expression of a person might by eased by identifying her. This implies
that an image model is required that accounts for each of these variations independently by explicit
parameters. Image models not able to separate two of these parameters are not able to distinguish
images varying along these parameters.

0.3 Two- or three-dimensional image models
In this section we discuss image representations that try to code explicitly all parameters of face

variations as mentioned above.
The most elaborate techniques for modeling images of the human face have been developed in

the field of Computer Graphics. The most general approach, in terms of modeling all parameters
explicitly, consist of a 3D mesh describing the geometry of a face and bidirectional reflectance maps
of the face surface that simulate the interaction of the human skin with light [33]. Geometric param-
eters for modeling the surface variations between individual humans as well as physical parameters
for modeling the reflectance properties of human skin are derived from empirical studies on sample
sets of humans. Reflectance and geometry variations are stored in an object centered coordinate
system [24, 29]. For a long time, these object-centered 3D based techniques suffered from poor
photo-realistic image quality rendering. In parallel, image based rendering techniques have been
developed to close this gap [21, 27]. Here, light ray intensities (pixel intensities) are collected from
large samples of real photographs taken from various directions around a specific object. Since all
images are calibrated in 3D, according their position and viewing direction, each pixel intensity
represents the light intensity along a certain ray in 3D space. For static objects, assuming a dense
sampling of all possible ‘rays’, novel images from novel perspectives can be synthesized in perfect



quality by reassembling the light rays for the novel perspective. Since the rays are defined in a 3D
world coordinates and not in a coordinate system of the object depicted, modeling of the face shape
for animation or for a different person is not obvious and has so far not been reported. A similar
difficulty exists for modeling light variations, since all computations are done in world coordinates,
modeling the surface light interaction can not be performed. For face animation or modeling differ-
ent individuals, image based methods seem to be of little use and, in current graphics applications,
the object centered three dimensional geometry and reflectance models seem to be superior.

For image analysis in the field of Computer Vision, a third type of face image models has been
developed known as linear object classes [46, 47], as AAMs [26] and as an extension of deformable
model [23] . Similar to the image based methods in Computer Graphics, they also start from large
collections of example images of human individuals. However, instead of modeling the pixels in-
tensities in world coordinates, a two-dimensional object centered reference system is chosen by
registering all images to a single reference face image. The model parameters are then derived by
statistical analysis of the variation of the pixel intensities and the variations of the correspondence
fields. Since no three dimensional information is directly available in this process, on one hand, illu-
mination and individual reflectance properties are mixed and, on the other hand, pose and individual
face shape variations are not separable. This convolution of external imaging parameters with indi-
vidual face characteristics limits the ability to explicitly model pose or illumination and can easily
result in non realistic face images and, hence, reduce the value of these model for graphics applica-
tions. This problem was recognized for image analysis, also, and different methods for separating
the external parameters have been proposed. One way is to train different models, each tuned to a
specific parameter setting[14, 40, 45]. That is, for each pose a separate model is built that accounts
for the head variations of different persons. Additionally, to separate illumination variations from
variations of human skin color a separate image model should be developed for each illumination
condition. These methods assume often that some external parameters are either constant or known
beforehand. For the general case, when no prior knowledge is available, a huge number of differ-
ent models would be required. To escape from this combinatorial explosion, two directions have
been pursued. Interpolation between a few discrete image models can be applied to approximate
the full range of images variations. However, handling several models simultaneously is still dif-
ficult with current computing technology. The other direction is to add explicit information on the
three-dimensional nature of human faces. With a three-dimensional geometric object representa-
tion, changes in viewing direction and perspective can be directly computed by artificially rotating
the object. Self occlusion can be easily treated by using a z-buffer approach. Surface normals also
can be directly derived from such a representation. Assuming additionally some information on
the light sources around the face the surface normals can be used to physically simulate the results
of illumination variations. How can we obtain such a convenient three-dimension representation
from a set of faces images? Implicitly, according to theory, having the positions of corresponding
points in several images of one face, the three-dimensional structure of these points can be com-
puted. However, it is proofed to be difficult to extract the tree-dimensional face surface from the
images using techniques such shape from shading, structure from motion or from corresponding
points visible in several images. Recently, exploiting structure from motion techniques from video
streams of moving faces, three-dimensional image model could be built [8, 17, 48]. However, the
geometric representations is still coarse, and hence a detailed evaluation of the surface normals for
illumination modeling was not pursued.

Morphable Models, described in this paper [2, 5, 7, 39], integrate information on the three-
dimensional nature of faces into the image model by taking a different approach in the model build-
ing step, without changing the basic structure of the image based models. The Morphable Models
are derived from a large set of 3D textured laser scans instead of photographs or video images.



Therefore, the difficult step of model building from raw images is eased by technical means. A
direct modeling of the influence of illumination must be performed, since illumination conditions in
the images to be analyzed can rarely match the standard conditions for model formation. While, in
image based models, a direct illumination modeling is impossible, it is quite straightforward using
3D morphable models. In 3D, surface normals can be directly computed and the interaction with
light can be simulated. Here the morphable model incorporates the technique that was developed
in Computer Graphics for photo-realistic rendering. Morphable Models combine the high quality
rendering techniques developed in Computer Graphics with the techniques developed in Computer
Vision for the modeling of object classes. Morphable face models constitute a unified framework
for the analysis and synthesis of facial images. Current applications lie in the field of Computer
Graphics, for photo-realistic animation of face images, and in the domain of Computer Vision, for
face recognition applications compensating variations across pose, illumination and expressions.

From our current view, the question “Two- or three-dimensional image models?” has two aspects
that should be considered separately. These are the process of model formation and the internal
structure of the models for representing the three-dimensional nature of faces. For the second as-
pect, we do not see any simpler approach for handling self-occlusion, perspective or illumination
variation than using a three-dimensional representation that includes surface normals. For the model
formation, we think that the 3D laser scans, as used in the our morphable model, are not a must. In
the near future, improved shape from shading and structure from motion techniques could transform
sample sets of face images into a three-dimensional representation.

0.4 Image Analysis by Model Fitting

For the remainder of this chapter, we assume that the image to be analyzed can be instantiated by
the model. Therefore, the analysis problem boils down to finding the internal model parameters that
reconstruct the image. That is, we have to solve an inverse problem. Since the problem is ill-posed,
the inverse of the image modeling function can not be computed analytically. It is a common strategy
to apply some search techniques to find the parameters that best reconstruct the image. Instead of
searching the parameter space exhaustively in a brute force approach, we would like to use some
gradient based optimization methods that guides to the solution. It is clear that not all image models
are equally suited. For most image models used in Graphics, it is almost impossible to tune a
model to a given image, as the domain of validity of the model parameters is often disconnected
and, hence, many steps require manual interactions. In Computer Vision, on the other hand, the
structures of the different approaches are quite similar and all image models, based on 2D or on 3D
examples, lead to similar least squares problems. First and second order derivatives of the image
model can be computed and the parameter domain is often modeled as a convex domain from a
multivariate normal distribution obtained by a Principal Component Analysis. The main differences
are in the strategy chosen to solve the non linear optimization problem. As discussed later in detail,
the different methods vary from linearizing the problem to applying Newton method exploiting
second order derivatives. The computation time as well as the accuracy in terms of convergence
of the different methods vary tremendously. Simpler strategies for solving the problem also tend
to handle less model parameters. The morphable model approach presented in this paper does
not trade efficiency against accuracy or problem simplification. We demonstrate that a high quality
image model with many parameters accounting for person identity, and modeling explicitly the pose
and illumination variations, can be successfully fitted to arbitrary face images.



0.5 Morphable Face Model
As mentioned in the previous sections, the 3D Morphable Model (3DMM) is based on a series

of example 3D scans represented in an object centered system and registered to a single reference
scan. A detailed description of the generation of a 3D Morphable Model is available in Basso et al.
[2]. Briefly, to construct a 3DMM, a set of M example 3D laser scans are put into correspondence
with a reference laser scan (in our case M = 200). This introduces a consistent labeling of all
Nv 3D vertices across all the scans. The shape and texture surfaces are parameterized in the (u, v)
reference frame, where one pixel corresponds to one 3D vertex (Figure 2). The 3D position in
Cartesian coordinates of the Nv vertices of a face scan are arranged in a shape matrix, S; and their
color in a texture matrix, T.

S =





x1 x2 · · · xNv

y1 y2 · · · yNv

z1 z2 · · · zNv



 , T =





r1 r2 · · · rNv

g1 g2 · · · gNv

b1 b2 · · · bNv



 (1)

PSfrag replacements

uu

vv

Figure 2: Texture and shape in the reference space (u, v).

Having constructed a linear face space, we can make linear combinations of the shapes, Si, and
the textures, Ti of M example individuals to produce faces of new individuals.

S =

M
∑

i=1

αi · Si, T =

M
∑

i=1

βi ·Ti (2)

Equation (2) assumes a uniform distribution of the shapes and the textures. We know that this
distribution yields a model that is not restrictive enough: For instance, if some αi or βi are � 1,
the face produced is unlikely. Therefore, we assume that the shape and the texture spaces have
a Gaussian probability distribution function. Principal component analysis (PCA) is a statistical
tool that transforms the space such that the covariance matrix is diagonal (i.e., it de-correlates the
data). PCA is applied separately to the shape and texture spaces. We describe the application of
PCA to shapes; its application to textures is straightforward. After subtracting their average, S,
the exemplars are arranged in a data matrix A and the eigenvectors of its covariance matrix C are
computed using the singular value decomposition [36] of A.

S = 1
M

∑M
i=1 Si, ai = vec(Si − S), A = [a1,a2, . . . ,aM ] = UΛVT

CA = 1
M

AAT = 1
M

UΛ2UT

(3)



The component vec(S) vectorized S by stacking its columns. The M columns of the orthogonal

matrix U are the eigenvectors of the covariance matrix CA, and σ2
i =

λ2

i

M
are its eigenvalues, where

the λi are the elements of the diagonal matrix Λ, arranged in decreasing order. Now, instead of
representing the data matrix A in its original space, it can be projected to the space spanned by the
eigenvectors of its covariance matrix. Let us denote by the matrix B this new representation of the
data, and by CB its covariance matrix.

B = UTA CB =
1

M
BBT =

1

M
Λ2 (4)

The second equality of the last equation is obtained because UTU = I and VTV = I, where I is the
identity matrix with the appropriate number of elements. Hence the projected data are de-correlated,
as they have a diagonal covariance matrix. Hereafter, we denote by σS,i and σT,i the variances of,
respectively, the shape and the texture vectors.

There is a second advantage in expressing a shape (or texture) as a linear combination of shape
principal components, namely dimensionality reduction. It is demonstrated in [16], that the sub-
space, spanned by the columns of an orthogonal matrix X, with N dimensions, which minimizes
the mean squared difference between a data vector a, sampled from the same population as the
column vectors of the matrix A, and its reconstruction, XXTa, is the one formed by the N eigen-
vectors having largest eigenvalues: X = [U·,1, . . . ,U·,N ], where U·,i denotes the ith column of
U.

Let us denote U·,i, the column i of U, and the principal component i, reshaped into a 3 × Nv

matrix, by Si = U
(3)
·,i . The notation a(n)

m×1
[30] folds the m× 1 vector a into an n× (m/n) matrix.

Now, instead of describing a novel shape and texture as a linear combination of examples, as
in Equation 2, we express them as a linear combination of NS shape and NT texture principal
components.

S = S +

NS
∑

i=1

αi · S
i, T = T +

NT
∑

i=1

βi ·T
i (5)

The third advantage of this formulation is that the probabilities of a shape and a texture are readily
available from their parameters.

p(S) ∼ e
− 1

2

P

i

α2
i

σ2

S,i , p(T) ∼ e
− 1

2

P

i

β2
i

σ2

T,i (6)

0.5.1 Segmented Morphable Model
As mentioned, our morphable model is derived from statistics computed on 200 example faces.

As a result, the dimensions of the shape and texture spaces, NS and NT , are limited to 199. This
might not be enough to account for the rich variations of individuals present in mankind. Naturally,
one way to augment the dimension of the face space would be to use 3D scans of more persons,
but they were not available in our experiments. Hence, we resort to another scheme: We segment
the face into four regions (nose, eyes, mouth and the rest) and use a separate set of shape and
texture coefficients to code them [7]. This method multiplies by four the expressiveness of the
morphable model. We denote the shape and texture parameters by α and β when they can be used
interchangeably for the global and the segmented parts of the model. When we want to distinguish
them, we use, for the shape parameters, αg for the global model (full face) and αs1 to αs4 for the
segmented parts (the same notation is used for the texture parameters).
0.5.2 Morphable Model to Synthesize Images

One part of the analysis by synthesis loop is the synthesis (i.e., the generation of accurate face
images viewed from any pose and illuminated by any condition). This process is explained in this
section.



Shape Projection

To render the image of a face, the 3D shape is projected to the 2D image frame. This is performed in
two steps. First, a 3D rotation and translation (i.e. a rigid transformation) maps the object-centered
coordinates, S, to a position relative to the camera in world coordinates.

W = RγRθRφS + tw1
1×Nv

(7)

The angles φ and θ control in-depth rotations around the vertical and horizontal axis, and γ defines
a rotation around the camera axis; tw is a 3D translation. A perspective projection then maps a
vertex i to the image plane in (xi, yi):

xi = tx + f
W1,i

W3,i
yi = ty + f

W2,i

W3,i
(8)

where f is the focal length of the camera (located in the origin); and (tx, ty) defines the image-plane
position of the optical axis.

For ease of explanation, the shape transformation parameters are denoted by the vector ρ =
[f, φ, θ, γ, tx, ty, t

T

w]T, and α is the vector whose elements are the αi. The projection of the vertex
i to the image frame (x, y) is denoted by the vector valued function p(ui, vi;α,ρ). This function is
clearly continuous in α, ρ. To provide continuity in the (u, v) space as well, we use a triangle list
and interpolate between neighboring vertices, as is common in computer graphics. Note that only
Nvv vertices, a subset of the Nv vertices, are visible after the 2D projection (the remaining vertices
are hidden by self-occlusion). We call this subset the domain of the shape projection p(ui, vi;α,ρ)
and denote it by Ω(α,ρ) ∈ (u, v).

In conclusion, the shape modeling and its projection provides a mapping from the parameter
space α,ρ to the image frame (x, y) via the reference frame (u, v). However, to synthesis an
image, we need the inverse of this mapping, detailed in the next section.

Inverse Shape Projection

The shape projection aforementioned maps a (u, v) point from the reference space to the image
frame. To synthesis an image, we need the inverse mapping: An image is generated by looping on
the pixels (x, y). To know which color must be drawn on that pixel, we must know where this pixel
is mapped into the reference frame. This is the aim of the inverse shape mapping explained in this
section.

The inverse shape projection, p−1(x, y;α,ρ), maps an image point (x, y) to the reference frame
(u, v). Let us denote the composition of a shape projection and its inverse by the symbol ◦; hence,
p(u, v;α,ρ) ◦ p−1(x, y;α,ρ) is equal to p(p−1(x, y;α,ρ);α,ρ), but we prefer the former nota-
tion for clarity. The inverse shape projection is defined by the following equation, which specifies
that under the same set of parameters the shape projection composed with its inverse is equal to the
identity.

p(u, v;α,ρ) ◦ p−1(x, y;α,ρ) = (x, y)

p−1(x, y;α,ρ) ◦ p(u, v;α,ρ) = (u, v)
(9)

Because the shape is discrete, it is not easy to express p−1(·) analytically as a function of p(·), but
it can be computed using the triangle list: The domain of the plane (x, y) for which there exists
an inverse under the parameters α and ρ, denoted by Ψ(α,ρ), is the range of p(u, v;α,ρ). Such
a point of (x, y) lies in a single visible triangle under the projection p(u, v;α,ρ). Therefore, the
point in (u, v) under the inverse projection has the same relative position in this triangle in the (u, v)
space. This process is depicted in Figure 3.
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Figure 3: Inverse shape function p−1(x, y;α,ρ) maps the point q (defined in the (x, y) coordinate
system), onto the point q′ in (u, v). This is done by recovering the triangle that would contain the
pixel q under the mapping p(u, v;α,ρ). Then the relative position of q in that triangle is the same
as the relative position of q′ in the same triangle in the (u, v) space.

Illumination Modeling and Color Transformation

Ambient and Directed Light We simulate the illumination of a face using an ambient light and
a directed light. We use the standard Phong reflectance model that accounts for the diffuse and a
specular reflection on a surface [18]. The parameters of this model are the intensity of the ambient
light (La

r , La
g , La

b ), the intensity of the directed light (Ld
r , Ld

g , Ld
b ), its direction (θl and φl), the

specular reflectance of human skin (ks), and the angular distribution of the specular reflections of
human skin (ν). For clarity, we denote by the vector ti the ith column of the matrix T, representing
the RGB color of the vertex i. When illuminated, the color of this vertex is transformed to tI

i .

tI
i =





La
r 0 0

0 La
g 0

0 0 La
b



 · ti +





Ld
r 0 0

0 Ld
g 0

0 0 Ld
b



 ·
(

〈nv,w
i ,d〉 · ti + ks · 〈ri,vi〉

ν · 1
3×1

)

(10)

The first term of this equation is the contribution of the ambient light. The first term of the last
parenthesis is the diffuse component of the directed light and the second term is its specular compo-
nent. To take account of the attached shadows, these two scalar products are lower bounded to zero.
To take account of the cast shadows, a shadow map is computed, using standard computer graphics
techniques [18]. The vertices in shadows are illuminated by the ambient light only.

In Equation 10, d is the unit-length light direction in Cartesian coordinates, which can be com-
puted from its spherical coordinates by:

d =





cos(θl) · sin(φl)
sin(θl)

cos(θl) · cos(φl)



 (11)

The normal of the vertex i, nv,w
i , is expressed in world coordinates. World coordinates of a normal

are obtained by rotating the normal from the object centered coordinates to the world coordinates.

n
v,w
i = RγRθRφn

v
i (12)

The normal of a vertex in object centered coordinates, nv
i , is defined as the unit-length mean of the

normals of the triangles connected to this vertex (i.e. the triangles for which this vertex is one of the
three corners).

nv
i =

∑

j∈Ti
nt

j

‖
∑

j∈Ti
nt

j‖
(13)



where Ti is the set of triangle indexes connected to the vertex i. The normal of the triangle j,
denoted by nt

j , is determined by the unit-length cross product of the vectors formed by two of its
edges. If si1 , si2 , and si3 are the Cartesian object centered-coordinates of the three corners of the
triangle j (these indexes are given by the triangle list), then its normal is:

nt
j =

(si1 − si2)× (si1 − si3)

‖(si1 − si2)× (si1 − si3)‖
(14)

In the Equation (10), vi is the viewing direction of the vertex i, which is the unit-length direction
connection the vertex i to the camera centerer. The camera centerer is at the origin of the world
coordinates.

vi = −
W·,i

‖W·,i‖
(15)

The vector ri in Equation (10) is the direction of the reflection of the light coming from the direction
d, computed as follows:

ri = 2 · 〈nv,w
i ,d〉nv,w

i − d (16)

Color Transformation Input images may vary a lot with respect to the overall tone of color. To
be able to handle a variety of color images as well as gray level images and even paintings, we
apply gains gr, gg, gb, offsets or, og, ob, and a color contrast c to each channel [7]. This is a
linear transformation that yields the definitive color of a vertex, denoted by tC

i . It is obtained by
multiplying the RGB color of a vertex after it has been illuminated, tI

i , by the matrix M and adding
the vector o = [or, og, ob]

T.

tC
i = M · tI

i + o, where (17)

M =





gr 0 0
0 gg 0
0 0 gb



 ·



I + (1− c)





0.3 0.59 0.11
0.3 0.59 0.11
0.3 0.59 0.11







 (18)

For brevity, the illumination and color transformation parameters are regrouped in the vector ι.
Hence the illuminated and color corrected texture depends on the coefficients of the texture linear
combination regrouped in β, on the light parameters ι, and on α and ρ used to compute the normals
and the viewing direction of the vertices required for the Phong illumination model.

Similar to the shape, the color of a vertex i, tC
i , is represented on the (u, v) reference frame

by the vector valued function tC(ui, vi;β, ι,α,ρ), which is extended to the continuous function
tC(u, v;β, ι,α,ρ) by using the triangle list and interpolating.

Image Synthesis

Synthesizing the image of a face is performed by mapping a texture from the reference to the image
frame using an inverse shape projection.

Im(xj , yj;α,β,ρ, ι) = tC(u, v;β, ι,α,ρ) ◦ p−1(xj , yj;α,ρ) (19)

where j runs over the pixels that belong to Ψ(α,ρ) (i.e., the pixels for which a shape inverse exist,
as defined in Section 0.5.2).



0.6 Comparison of Fitting Algorithms
The previous section detailed the 3D Morphable Model, a mathematical formulation of the full

image formation process. It takes into account most of the sources of facial image variations (flex-
ible shape deformation, varying albedo, 3D rotation, and directed lights). A face recognition algo-
rithm is intrinsically a method that is inverting this image formation process, i.e. inverting Equa-
tion (19), thereby separating the identity from the imaging parameters. The first algorithm that
inverted the full image formation process, and that made the least assumptions, treating the problem
in its full complexity, is the Stochastic Newton Optimization (SNO) [4, 6, 7]. It casted the task as
an optimization problem estimating all the model parameters (shape, texture, rigid transformation
and illumination). The only assumption made is that the pixels are independent and identically
distributed with a residual normally distributed with a variance equal to σ2

I . This is performed
by maximizing the posterior of the parameters given the image, thereby minimizing the following
energy function:

E = min
α,β,ρ,ι

1

σ2
I

∑

x,y

‖Im(x, y;α,β,ρ, ι)− I(x, y)‖2 +
∑

i

α2
i

σ2
S,i

+
∑

i

β2
i

σ2
T,i

(20)

This is a difficult and computationally expensive optimization problem, as the energy function is
non convex. To avoid the local minima problem, a stochastic optimization algorithm is used: At
each iteration of the fitting algorithm, the energy function and its derivatives are evaluated on a very
small set of points (40 points) that are randomly chosen. This stochasticity introduces a perturbation
on the derivatives that minimizes the risk of locking on a local minimum. The price to pay is a
computationally expensive algorithm with several thousands iterations.

Over the past years, many fitting algorithms have been presented. Having computational effi-
ciency and tractability as main goal, these methods restrain the domain of applicability and make
several assumptions. It is interesting to analyze the assumptions made by each of these methods and
their limitations in light of the 3DMM.

Point Distribution Model and Active Shape Model Craw and Cameron [15] were the first to
align some landmark pixels on a set of face images. Then they applied PCA on the textures put in
coarse correspondence by sampling them on a reference frame defined by a few landmarks. Cootes
et al. [9, 13] represented 2D face shapes as a sparse set of feature points that corresponded to
one another across a face image ensemble. Applying PCA on this set of points yielded a Point
Distribution Model (PDM).

Though it can be argued that there is no major conceptual difference between the PDM’s of the
early nineties and the 3D shape model of the 3DMM, as both models compute statistics on a set of
points in correspondence, yet there are three major differences between the two models: (i) The use
of 3D rather than 2D enabling accurate out of the image plane rotation and illumination modeling.
(ii) The 3DMM is a dense model including several thousands vertices whereas the PDM uses a few
tens. (iii) As implemented by Cootes et al., the PDM includes landmarks on the contour between
the face and the background. This contour depends on the pose of the face on the image and on the
3D shape of the individual. Thus the landmarks on it do not represent the same physical points, and
hence should not be put in correspondence across individuals. The authors of the PDM argue that
it is capable of handling ±20◦ out of the image plane rotation. However, the 2D shape variation
induced by this 3D rigid transformation is encoded in the 2D shape parameters, resulting in shape
parameters not independent of the face pose. As explained in the first sections of this chapter, this
reduces the identification capabilities of this model.

The first algorithm used to fit a PDM to an image is called the Active Shape Model (ASM)
and its first version appeared in Cootes and Taylor [11]. This version used the edge evidence of



the input image to adjust the 2D translation, 2D scale, image plane rotation and shape parameters
of the model. Each iteration of this fitting algorithm includes two steps: First, each model point
is displaced in the direction normal to the shape contour, toward the strongest edge, and with an
amplitude proportional to the edge strength at the point. This yields a position for each model point
that would fit better the image. The second step is to update the 2D pose and shape parameters
reflecting the new position of the model points. To increase the likeliness of the resulting shape,
hard limits are put on the shape parameters. This method proved itself not robust enough to deal
with complex objects, where the model points do not necessarily lie on strong edges. Therefore, the
second version of the ASM [12] modeled the gray-levels along the normal of the contour at each
model point. Then, during model search, a better position for a model point was given by the image
point, along the normal of the contour, that minimized the distance to its local gray-level model. An
exhaustive search for this minimizer was performed that evaluated all the points along the normal
within a given distance of the model point. A PCA model was used to model a gray-level profile
along the normal of a contour point. Then the distance minimized during fitting is the norm of the
reconstruction error of a gray-level profile obtained from a point along the normal evaluated as a
potential minimizer. A predicament of the local gray-level models, as they were implemented in the
ASM, is the fact that one half of the pixels modeled are outside the face area, in the background
area, and hence could change randomly from image to image.

The first identification experiment on facial images fitted by an ASM was made by Lanitis et
al. [25]. After fitting an image by the ASM, the gray texture enclosed withing the face contour
was sampled on the reference frame defined by the mean shape (and called shape-free texture)
and modeled by a PCA model. The features used for identification were the shape and texture
coefficients of the shape and texture models.

Active Appearance Model Continuing in this direction, researchers started to use not only the
pixels along the normal of the landmark points, but rather the full texture in the face area to
drive the parameters fitting algorithm. The main motivation was that, as the algorithm would use
more information, the fitting would converge faster to a more accurate minimum more robustly.
First, Gleicher [20], with the Image Difference Decomposition (IDD) algorithm, then Sclaroff and
Isidoro [42], with the Active Blobs, and Cootes et al. [10], with the Active Appearance Model
(AAM), used the full texture error to compute, linearly, an update of the model parameters. The
texture error, δt, is the difference between the texture extracted from the input image and sampled
using the shape parameters and the model texture.

δt = I(x, y) ◦ p(u, v;α)− t(u, v;β) (21)

As this algorithm is applied to the AAM that does neither model out of the image plane rotation,
nor illumination, this last equation does neither depend on ρ, nor on ι. This equation defining the
texture error is the same as the term of the SNO energy function, inside the norm, with the difference
that the texture error is sampled in the reference frame, not in the image frame.

The aim of the fitting algorithm is to estimate the shape and texture model parameters that mini-
mize the square of the norm of the texture error.

min
α,β
‖δt‖2 (22)

For efficiency reasons, the texture difference is projected onto a constant matrix, which yields the
shape and texture model parameters update.

(

δα
δβ

)

= A · δt (23)



Then the next estimate is obtained by adding the update to the current estimate.

α← α + δα and β ← β + δβ (24)

This algorithm would be a gradient descent optimization algorithm, if the matrix relating the texture
error to the model update, the matrix A, was the inverse of the Jacobi matrix. Assuming A to be
constant, is equivalent to assuming that the model Jacobi matrix is constant and hence that the ren-
dering model is linear. However, the sources of nonlinearities of the rendering model are multiple:
(i) The out of the image plane rotation and the perspective effects induce a nonlinear variation of
the shape points projected onto the image plane. (ii) The modification of the light source direction
produce a nonlinear variation in pixel intensities. (iii) The warping of the texture using the shape
parameters is nonlinear as well. As the face model, on which this fitting algorithm is applied, is
2D, allow only small out of the image plane rotation, and does not model directed light sources, the
first two sources of nonlinearities could be limited. Thus, the authors showed that this fitting was
effective on facial images with no directed light and with small pose variations. However, it does
not produce satisfactory results on the full 3D problem addressed in this chapter.

The constant matrix relating the texture error to the model update, the matrix A, was first com-
puted by a regression using texture errors generated from training images and random model pa-
rameters displacement. Then, it was estimated by averaging Jacobian matrix obtained by numerical
differentiation on typical facial images. A problem with these two approaches is that not only the
pixels inside the face area, but also the ones outside, on the background area, are sampled to form
the training texture error. Thus, the quality of the estimate obtained on an input image depends on
the resemblance of the background of this image to the one of the images used for computing the
matrix A.

As mentioned in the introduction of this chapter, the AAM algorithm is an instance of a fitting
algorithm that favors efficiency over accuracy and generality.

To enlarge the domain of application of the Active Appearance Model to faces viewed from any
azimuth angle, Cootes et al. [14] introduced the multi-view AAM. It is constituted of five AAMs,
each trained on facial images at different pose (front, left and right side views and left and right
profile). So, the fitting was also constituted of five constant Jacobi matrices. This is an ad-hoc
solution addressing one of the limitations of a 2D model that was not pursued afterward.

Inverse Compositional Image Alignment algorithm As aforementioned, for efficiency reasons,
the AAM treats the matrix relating the texture error to the model parameter update as constant.
This is based on the assumption that the Jacobi matrix (that should be recomputed at each itera-
tion) is well approximated by a constant matrix. However, this matrix is not constant owing to the
warping of the texture by the shape. Baker and Matthews [1] introduced the Inverse Compositional
Image Alignment (ICIA) algorithm, that also uses a constant Jacobi matrix, but, here, the matrix
is shown, to a first order, to be constant. The fixedness of the updating matrix is not assumed any-
more. This was achieved by a modification of the cost function to minimize. Instead of optimizing
Equation (22), the following cost function is minimized.

min
δα
‖t(u, v; 0) ◦ p(u, v; δα)− I(x, y) ◦ p(u, v;α)‖2 (25)

To clarify the notations, in what follows, the dependency on the frame coordinates (x, y) and (u, v)
is not explicit anymore; only the dependency on the model parameters is left. A first Taylor expan-
sion of the term inside the norm of the cost function yields:

min
δα
‖t(0) ◦ p(0) + t(0)

∂p

∂α

∣

∣

∣

∣

α=0

δα− I ◦ p(α)‖2 (26)



Differentiating this cost function with respect to the shape parameter update, equating to zero, and
rearranging the terms, yields the expression of the parameter update:

δα =

[

t(0)
∂p

∂α

∣

∣

∣

∣

α=0

]†

(I ◦ p(α)− t(0) ◦ p(0)) (27)

where the notation † denotes the pseudo-inverse of a matrix. This derivation leads to a Gauss-
Newton optimization [19]. In a least squares optimization, the Hessian is a sum of two terms:
the Jacobi matrix transposed and multiplied by itself and the purely second derivative terms. In a
Gauss-Newton optimization, the Hessian is approximated by its first term only. The reason is that in
a least square optimization (such as minx

∑

i e
2
i ), the second derivative term of the Hessian of the

cost function is the sum of the Hessian matrices of the elements, ∂2ei

∂x2 , multiplied by their residual,
ei. Near to the minimum, the residuals ei are small, and the approximation is adequate. A Gauss-
Newton optimization algorithm is more efficient than a Newton algorithm, as the second derivatives
are not computed. It is not surprising that the ICIA algorithm is equivalent to a Gauss-Newton
optimization, as it was derived using a first order Taylor approximation.

The essence of the ICIA algorithm, is that the Jacobi matrix, t(0) ∂p
∂α

∣

∣

∣

α=0
does not depend on the

current estimate of the model parameters, neither on the input image. It is then constant throughout
the fitting algorithm. This constancy is not assumed but derived from a first order expansion. The
update is, then, not added to the current estimate as in the case of the AAM fitting algorithm, but
composed with the current estimate.

p(u, v;α)← p(u, v;α) ◦ p−1(u, v; δα) (28)

Baker et al., in [1], do not make the distinction between the reference and the image frames. A
consequence of this, is that they require the set of warps to be closed under inversion. This leads
them to a first order approximation of the inverse shape projection (called inverse warping in their
nomenclature): p−1(x, y;α) = p(u, v;−α). This does not agree with the identity defining the
inverse shape projection of Equation (9): As shown in Figure 4, a point from (u, v), q ′, is mapped
under p(u, v;α) to q in (x, y). Hence, to agree with the identity, this point q must be warped back
to q′ under p−1(x, y;α). So, the displacement in q which should be inverted is the one from q ′.
However, in Baker et al. [1], the displacement function p is inverted at the point q, leading to the
point b, instead of q′. This is due to the fact that the distinction between the two coordinates systems
is not made. This approximation is less problematic for a sparse-correspondence model as used by
Baker for which the triangles are quite large (see Image (b) of Figure 2 of [1]), because the chances
that both q and q′ fall in the same triangle are much higher than in our dense correspondence model
for which the triangles are much tinier. When q and q ′ fall in the same triangle, then their displace-
ments are similar to a first order approximation, due to the linear interpolation inside triangles, and
the error made during composition is small.

The improvement of ICIA over AAM is that, as the updating matrix is derived mathematically
from the cost function and not learned over a finite set of examples, the algorithm is more accurate
and requires less iterations to converge. The fact that the Jacobi matrix is constant is the first
factor of the efficiency of the ICIA algorithm. The second factor is the fact that only the shape
parameters are iteratively updated. The texture parameters are estimated in a single step after the

recovery of the shape parameters. This is achieved by making the shape Jacobi matrix t(0) ∂p
∂α

∣

∣

∣

α=0
orthogonal to the texture Jacobi matrix, by projecting out the shape Jacobi matrix onto the texture
Jacobi matrix. It is therefore called the project out method. This induces a perturbation on the shape
Jacobi matrix. However, if the texture model has few components (Baker and Matthews use less
than ten components), then the error is small.
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Figure 4: First order approximation of the inverse shape projection defined by Baker and Matthews
in [1].

ICIA is an efficient algorithm. However, its domain of application is limited. It is a fitting
algorithm for 2D AAM, hence cannot handle out of the image plane rotation and directed light.
After discussion with Simon Baker, it also appears that it achieves its best performance when fitting
images of individuals used for training the model. On novel subjects, the performance and accuracy
are comparable to the AAM fitting algorithm. The ICIA is hence a person-specific fitting algorithm.

ICIA applied to the 3DMM The ICIA fitting algorithm was adapted to use the 3DMM in [39].
Several modifications of the original algorithm had to be made in order to obtain accurate results.
The first one was to use the precise inverse shape projection defined in Section 0.5.2, which makes
the distinction between the reference and the image frames. The use of this inverse shape projection
leads to the definition of the following cost function:

‖t(u, v;∆β) ◦ p−1(x, y;γd) ◦ p(u, v;γd + ∆γ)− t−1(I(x, y) ◦ p(u, v;γ);β)‖2 (29)

where γ is the vector formed by the concatenation of the shape parameters, α, and the rigid trans-
formation parameters, ρ. The derivatives are precomputed at the parameters γd. Projecting out the
shape Jacobi matrix onto the texture Jacobi matrix would significantly perturb the shape update,
hence the project out method was not used. Thus, the texture parameters, β, are also iteratively
updated. The texture parameter update is denoted by the vector ∆β. This required the definition of
the inverse texture transformation:

t−1(t(ui, vi);β) = t(ui, vi)−

NT
∑

k=1

βk ·T
k
·,i, (30)

where Tk
·,i denotes the ith column of the matrix Tk, i.e. the deviation of the RGB color of vertex i

along the principal component k. This definition was chosen for the texture inverse because, then,
a texture composed with its inverse, under the same set of parameters is equal to the mean texture:
t−1(t(ui, vi;β);β) = T·,i, see Equation ( 5 on page 7).

This algorithm is not as efficient as the original ICIA, but it is more accurate and its domain of
applicability is also wider: It is able to fit input facial images at any pose and of any individual.
This was demonstrated in the identification experiments reported in [37]. However, this algorithm
does not handle directed light sources. There is a second predicament of this algorithm. In an
implementation of ICIA, the parameters at which the derivatives are computed γd = [αdTρdT]T

must be selected. A natural choice for the shape parameters is αd = 0. The selection of ρd is
not as trivial, because the derivatives of the shape projections are computed in a particular image
frame set by θd and by φd. Therefore, the two rotation angles should be close to their optimal
values (depending on the input image). Hence, a set of Jacobian’s is computed for a series of
different directions. During the iterative fitting, the derivatives used are the ones closest to the



current estimation of the angles. Note that, at first, this approach might seem very close to the
View-based approach [14, 32, 34]. The difference is, however, fundamental. In this approach,
the extraneous (rotation) parameters are clearly separated from the intrinsic (identity, i.e. α,β)
parameters. They are, however, convolved with one another in the View-based approach.

2D+3D Active Appearance Model Recently, Xiao et al. [48] extended the ICIA algorithm, orig-
inally developed for to the fitting of 2D AAM, to the fitting of a 2D+3D AAM. The aim of this
fitting algorithm is to recover the 3D shape and appearance of a face very efficiently (more than 200
fps). They argued that the difference between a 2D AAM and the 3DMM is that the 3DMM codes,
additionally to the (X,Y) coordinates, the Z coordinate for each shape vertex. We will see, shortly,
that there is an additional major difference between these two models. Xiao et al. [48] showed that,
in fact, any 2D projection of a 3D shape in the span of a 3DMM can also be instantiated by a 2D
AAM, but at the expense of using more parameters. The 2D AAM requires up to 6 times more
parameters than the 3DMM to model the same phenomenon. A weak perspective projection model
was used to demonstrate this. This property would not hold for a perspective projection. A weak
perspective projection is governed by the following equation:

xi = tx + fW1,i yi = ty + fW2,i (31)

Xiao et al. also showed that such a 2D AAM would be capable of instantiating invalid shapes, which
is natural, as 3D transformations projected to 2D are not linear in 2D. The conclusion is that it is
possible to fit facial images with non frontal poses with a 2D AAM trained on frontal pose. To ensure
the validity of the shape estimated and to increase the efficiency of the algorithm, Xiao et al. impose
the constraint that the 2D shape is a legitimate projection of a 3D shape modeled by a 3DMM. Thus,
3DMM shape model parameters and weak projection parameters are required to exist such as they
produce a 2D shape equal to the one estimated by the 2D fitting algorithm. This is implemented
as a soft constraint by augmenting the original ICIA cost function by a term proportional to the
discrepancy between the 2D AAM estimated shape and the projection of the 3DMM shape. This
seems to be a rather inefficient solution as, here, two shapes have to be estimated: The 2D AAM
shape as well as the 3DMM shape and the projection parameters. The 3DMM model is only used
to ensure the validity of the 2D AAM shape. The 2D AAM shape is used to warp the shape-free
texture onto the image frame.

Xiao et al. [48] argued that the difference between a 2D AAM and the 3DMM is that the 3DMM
codes depth information for each vertex and the 2D AAM does not. There is another major dif-
ference. The 3DMM is a dense model whereas the AAM is a sparse shape model. 76000 vertices
are modeled by the 3DMM and a few tens by the AAM. This dense sampling enables the 3DMM
to separate the texture from the illumination, thereby estimating a texture free of illumination ef-
fects. This is because the shading of a point depends mostly on the normal of this point and on its
reflectance properties. (The self-cast shadow term of the illumination depends also on the full 3D
shape of the object.) Therefore, to accurately model the illumination, it is required to accurately
model the normals. The normal of a point depends on the local 3D shape in a neighborhood of this
point. Hence, the 3D surface is required to be densely sampled in order to permit an accurate com-
putation of the normals. Thus, it is not possible for a sparse 3D shape model to accurately separate
the shading from the texture. It would then be difficult to relight a facial image with a different
lighting configuration, as it is possible with the dense 3DMM, or to obtain high identification rates
on a face recognition application across illumination.

We have just seen that it would be difficult to estimate the illumination parameters from a coarse
shape model, for the normal may not be computed accurately. It seems also unclear how to extend



this algorithm to estimate the illumination while retaining the constancy of the Jacobi matrix prop-
erty. This might be the reason why this algorithm has never been used to estimate the lighting and
to compensate for it.

As demonstrated in [48], the 2D+3D ICIA algorithm recovers accurately the correspondence
between the model 3D vertices and the image. These vertices are located on edges (eyebrows,
eyes, nostrils, lips, contour). The edge features are, hence, implicitly used, through the input image
gradient, to drive the fitting. Although, the correspondences are recovered, it does not imply that
the estimated Z values of the landmarks is close to the Z value of the corresponding physical points
on the face surface. In a single 2D image the only depth information is contained in the lighting.
To estimate accurately the 3D shape of a surface, the lighting must be estimated and its 3D shape
recovered using a reflectance model. For example, in a frontal image, the only clue about the
distance between the nose tip and, say, the lips, is in the shading of the nose. Failing to take the
shading into account in a fitting algorithm, as it is done by the 2D+3D AAM fitting algorithm,
results in an imprecise 3D shape.

As the original ICIA fitting algorithm, the 2D+3D ICIA fitting is person-specific: it is able to fit
accurately only individual within the training set. Its main domain of application is real-time 3D
face tracking.

Linear Shape and Texture Fitting algorithm LiST [38] is a 3DMM fitting algorithm that ad-
dresses the same problem as the SNO algorithm in a more efficient manner by use of the linear
parts of the model. (A fitting is 5 times faster than with the SNO algorithm.) It is based on the fact
that if the correspondences between the model reference frame and the input image are estimated,
then fitting the shape and rigid parameters is a simple bilinear optimization that can be solved ac-
curately and efficiently. To obtain a bilinear relationship between the 2D vertices projection and
the shape and rigid parameters, a weak-perspective projection is used (Equation (31). One way of
estimating these correspondences is by the use of a 2D optical flow algorithm [3]. Hence an optical
flow algorithm is applied to a model image synthesized using the current model parameters and the
input image. These correspondences are then used to update the shape and rigid parameters. The
texture and illumination parameters can also be recovered efficiently using the correspondences:
The input image is sampled at the location given by the correspondences and first the illumination
parameters are recovered using a Levenberg-Marquardt optimization [36], while keeping the texture
parameters constant. This optimization is fast as only a few parameters need to be estimated. Then
using the estimated light parameters, the light effect of the extracted texture is inverted, yielding
an illumination-free texture used to estimate the texture parameters. The texture parameters are
recovered by inverting a linear system of equations. It is hence efficient and provide an accurate
estimate.

A drawback of this algorithm is that the 3D shape is estimated using correspondence information
only, not using the shading, as it is done in the SNO algorithm.

0.7 Results
We explained in Section 2 that the Morphable Face Model is a representation of human face

images in which the pose and illumination parameters are separated from the shape and texture
parameters. Then, in Section 6 we outlined SNO, a 3D Morphable Model Fitting algorithm that
estimate the 3D shape, the texture and the imaging parameters from a single facial image. Some
example images obtained after fitting and pose and illumination normalization are displayed on
Figure 1 on page 1. Examples of illumination normalization are shown on Figure 5. The images
of the first row, illuminated from different directions, are fitted. Renderings of the fitting results are



shown on the second row. The same renderings, but using the illumination parameters from the left-
most input image, appear on the third row. The last row presents the input image with illumination
normalized to the illumination of the left-most image.

Input
images

Fitting
result

Illum.
normalized

fitting

Illum.
normalized

input
images

Figure 5: Demonstration of illumination normalization on a set of input images obtained using the
SNO fitting algorithm. Renderings of the input image of the top row are shown on the second row.
The same renderings with standard illumination, taken from the left-most input image, are displayed
on the third row. Finally, the rendering using the extracted texture taken from the original images
and again with the standard illumination appear on the bottom row.

0.7.1 Identification Results

In this section, the 3D Morphable Model and its fitting algorithm are evaluated on an identifica-
tion application; these results were first published in [6]. In an identification task, an image of an
unknown person is provided to the system. The unknown face image is then compared to a database
of known people, called the gallery set. The ensemble of unknown images is called the probe set. It
is assumed that the individual in the unknown image is in the gallery.



Dataset. We evaluate our approach on two datasets. Set 1: a portion of the FERET dataset [35]
containing images with different poses. In the FERET nomenclature these images correspond to the
series ba through bk. We omitted the images bj as the subjects present a smiling expression that is
not accounted for by the current 3D Morphable Model. This dataset includes 194 individual across
9 poses at constant lighting condition except for the series bk: frontal view at another illumination
condition than the rest of the images. Set 2: A portion of the CMU–PIE dataset [43] containing im-
ages of 68 individuals at 3 poses (frontal, side and profile) and illuminated by 21 different directions
and by ambient light only. Among the 68 individuals, 28 wear glasses, which are not modeled and
could decrease the accuracy of the fitting. None of the individuals present in these sets were used to
construct the 3D Morphable Model. These sets cover a large ethnic variety, not present in the set of
3D scans used to build the model.

Distance Measure. Identification and verification are performed by fitting an input face image to
the 3D Morphable Model, thereby extracting its identity parameters, α and β. Then, recognition
tasks are achieved by comparing the identity parameters of the input image with those of the gallery
images. We define the identity parameters of a face image, denoted by the vector c, by stacking the
shape and texture parameters of the global and segmented models (see Section 0.5.1 on page 7) and
rescaling them by their standard deviations:

c =

[
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(32)

We define a distance measures to compare two identity parameters c1 and c2. The measure, d,
is based on the angle between the two vectors (it can also be seen as a normalized correlation).
This measure is insensitive to the norm of both vectors. This is favorable for recognition tasks as
increasing the norm of c produces a caricature which does not modify the perceived identity:

d =
cT1 ·C

−1
W · c2

√

(

cT1 ·C
−1
W · c1

) (

cT2 ·C
−1
W · c2

)

(33)

In this equation, CW is the covariance matrix of the within-subject variations. It is computed on the
FERET fitting results for the identification of the CMU-PIE dataset and vice-versa.

Table 1 lists percentages of correct rank 1 identification obtained on the FERET dataset. The
pose chosen as gallery is the one with an average azimuth angle of 11.2◦, i.e. the condition be.

The CMU–PIE dataset is used to test the performance of this method in presence of combined
pose and illumination variations. Table 2 presents the rank 1 identification performance averaged
over all lighting conditions for front, side and profile view galleries. Illumination 13 was selected
for the galleries.
0.7.2 Improved Fitting using an Outlier Map

The major source of fitting inaccuracies is the presence of outlying pixels in a facial image. An
outlying pixel, or outlier, is a pixel inside the face area of an image whose value cannot be predicted
by the model nor by the noise distribution assumed by the fitting cost function1 . Typical examples
of outliers are glasses, specular highlight due to the presence of glasses, and occluding objects
such as facial hair. Naturally, a black pixel due to facial hair may be predicted by the model, but
doing so, would substantially modify the model parameters and deteriorate the fitting of the rest of
the face. This is shown on the top row images of Figure 6. Thus, fitting an outlier is prejudicial

1We assumed that the noise is independent and identically distributed over all pixels of the image with a normal
distribution.



Probe View Pose φ Correct Identification

bb 38.9◦ 94.8%
bc 27.4◦ 95.4%
bd 18.9◦ 96.9%
be 11.2◦ 99.5
ba 1.1◦ gallery
bf −7.1◦ 97.4%
bg −16.3◦ 96.4%
bh −26.5◦ 95.4%
bi −37.9◦ 90.7%
bk 0.1◦ 96.9%

mean 95.9%

Table 1: Percentage of correct identification on the FERET dataset obtained using the SNO fitting
algorithm. The gallery images are the view be. φ denotes the average estimated azimuth pose angle
of the face. Ground truth for φ is not available. Condition bk has different illumination than the
others. (Results from [6]).

Gallery View Probe View mean
front side profile

front 99.8% (97.1–100) 97.8% (82.4–100) 79.5% (39.7–94.1) 92.3 %
side 99.5% (94.1–100) 99.9% (98.5–100) 85.7% (42.6–98.5) 95.0 %

profile 83.0% (72.1–94.1) 86.2% (61.8–95.6) 98.3% (83.8–100) 89.0 %

Table 2: Mean percentage of correct identification obtained on PIE images using the SNO fitting
algorithm, averaged over all lighting conditions for front, side and profile view galleries. In brackets
are percentages for the worst and best illumination within each probe set. The overall mean of the
table is 92.1%. (Results from [6]).

not only because the fitted model parameter would account for an artifact such as hair but also
because it would substantially decrease the overall quality of the fitting in the outlier-free region
of the face. Discarding all pixels with a large residual is not a general solution to this problem:
Some inliers may have a large fitting error and discarding them would jeopardize the quality of the
fitting. This may happen at the beginning of the fitting algorithm when there is an important lack
of correspondence. For instance, the model pupil may overlap the skinny area between the eye and
the eyebrows inducing a large residual. It is this residual which is to drive the model parameters to
improve the correspondence and, hence, it should not be down-weighted.

To appreciate the importance of this problem, the fitting of the same image was performed with
the outlier pixels discarded. To do so, a outlier mask was automatically generated. The mask is
shown on the first image of the bottom row of Figure 6: The brighter pixels are treated as outliers
and are not sampled in the sum of the energy function of Equation (20). The visual quality of
the reconstruction yielded by this fitting, shown on the middle of the bottom row of the figure, is
clearly improved. The rendering of the novel view (last column) is also superior when the outlier
are excluded.

To automatically produce an outlier mask, we use the following algorithm: First a coarse fitting
is performed without outlier mask, but with a large weight on the prior probability (σ2

I is increased
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Figure 6: Example of the benefit of excluding the outlier part of a face image. Top row: The second
image is a rendering of the fitting result obtained by fitting the first image. The right image is a
rendering of the same fitting result at a frontal pose. Bottom row: The first image is the input image
with the outlier region shown in bright. This region was excluded to produce the fitting shown on
the second image. The third image is a rendering of this fitting result at a frontal pose.

in Equation 20 on page 11). Only a few iterations of the fitting algorithm are necessary at this stage.
A rendering of the result of this fitting is shown on the first image of Figure 7. Then five image
patch are selected in the face area. These image patches are the one with minimum residual; they
are shown on the second image of Figure 7. These image patches are used to initialize a GrabCut
algorithm, developed by Rother et al. [41], that segments the skin region from the non-skin part
of the image, thereby producing the outlier maks. GrabCut is an image segmentation algorithm
that combines color and contrast information together with a strong prior on region coherence.
Foreground and background regions are estimated by solving a graph cut algorithm.

0.8 Conclusion
Recognizing a signal by explaining it, is a standard strategy that has been used successfully. The

two conditions to apply this technique is to obtain a model that can account for the input signals in
their whole diversity and an algorithm to estimate the model parameters explaining a signal.

We showed in this chapter, that an accurate and general model is one that separates the sources
of variations of the signals and represent them by independent parameters. As well as identity, the
sources of variations of facial images include pose changes and the lighting changes. To accurately
account for pose and illumination variations, Computer Graphics proposed a 3D object centered
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Figure 7: Automatic outlier mask generation. The outlier mask is produced by first performing a
coarse fitting (second image) of the input image (first image). Then the five image patch with min-
imum residual error are selected (third image). The outlier mask is obtained by applying GrabCut
using as foreground the five image patches selected.

representation. On the other hand, linear combinations of exemplar faces are used to produce face
of novel individual. This produces a valid face, if the faces are represented on a common reference
frame, on which all facial features are labeled.

We proposed, in this chapter, the 3D Morphable Model, a model that takes advantage of the 3D
representation and of the correspondence principle, to account for any individual, viewed from any
angles and under any light direction. The second ingredient of a analysis-by-synthesis loop is the
model inversion, or analyzing, algorithm. The most general and accurate algorithm proposed so
far is the Stochastic Newton Optimization whose update, at each iteration, is based on the first and
second derivatives of a MAP energy function. The first derivatives are computed at each iteration,
thereby favoring accuracy over efficiency. A stochastic optimization scheme was chosen to reduce
the risk of locking into a local minimum.

Additionally to SNO that gives greater importance to accuracy and generality, there exists other
fitting algorithm that favor efficiency at the expense of the domain of application and the preci-
sion. In the light of the 3D Morphable Model, we outlined the principles of the major fitting algo-
rithms, and described their advantages and predicaments. The algorithm reviewed are the Active
Shape Model, the Active Appearance Model, the Inverse Compositional Image Alignment (ICIA)
algorithm, ICIA applied to 3DMM, 2D+3D Active Appearance Model, and the Linear Shape and
Texture fitting algorithm.
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